ABSTRACT
INTRODUCTION
Stirling engines provide clean, reliable, mechanical power when provided only with a temperature gradient. Unlike combustion engines, Stirling engines do not require a distilate fuel like gasoline and can therefore run on heat from any source such as geothermal, solar, biomass or nuclear energy.
The Stirling cycle operates by shuttling a compressible fluid (gas) between two chambers at two distinct temperatures. A lightweight piston called the displacer piston is responsible for the transport of this gas. The temperature variation of the gas causes a pressure fluctuation which in turn performs work on a second piston called the power piston. A "free piston" Stirling engine is a Stirling engine in which the two pistons are connected through dynamics as opposed to a kinematic linkages seen in more traditional kinematic Striling engines. Free piston Stirling engines offer low noise, low maintenance operation at scales and power outputs that can rival more traditional internal combustion engines. [1] Stirling engines are theoretically capable of Carnot efficiency, but are not used in mainstream power production today because they have typically been heavy and/or inefficient compared to their alternatives. To understand why this has been the case in the past, and why a new approach holds the potential to improve their performance, a brief description of the Stirling cycle is in order.
FIGURE 1: EXAMPLE SCHEMATIC DIAGRAM OF A FREE-PISTON STIRLING CYCLE ENGINE WITH A LINEAR ALTERNATOR FOR ENERGY EXTRACTION AND A DAMPING MECHANISM OF INTERACTION BETWEEN THE DISPLACER AND POWER PISTON.
As seen in Fig. 1 , the displacer piston in a Stirling engine serves to transport heat carried in a compressible fluid from a heat source on one side of the engine to a sink on the other.
When the displacer piston is nearer to the bottom, more of the gas is on the hot side of the engine, and the pressure inside of the engine increases. When the displacer is nearer to the top, the majority of the gas is cooled and the pressure decreases. Adding to these effects is the movement of the power piston which interacts directly with the displacer via some amount of damping or spring force, or indirectly by via pressure. By delicately balancing the area and masses of the pistons, the dynamic relationship between the pistons, the mass flow restriction from one side to the other, the heat transfer, and the load dynamics, a self sustaining cycle can be obtained to transform heat into useful work that is extracted from the power piston.
Most Stirling engines use a regenerative heat exchanger or simply "regenerator" to increase efficiency. The regenerator works as a thermal capacitor where heat is absorbed and released from the gas as it passes from one chamber to the other. This heat transfer occurs cyclically at the operating frequency of the engine.
Traditionally, Stirling engines were designed using a purely kinematic and thermodynamic approach, but these approaches are insufficient and inappropriate for free-piston Stirling engines because the relationship between analytical models and true physical performance currently remains inaccurate to the point of reducing most design efforts to a process of trial and error. Often times in the past, engines with designs that appeared feasible on paper would not run when built [2] .
Using system dynamic modeling and analysis, as opposed to purely thermodynamic/kinematic analysis, has been shown to accurately reproduce the behavior of existing engines. In order to design and construct a Stirling engine from a system dynamics point of view that can additionally utilize control design tools, it is necessary to have an accurate model of the Stirling engine that can be reproduced physically.
PRIOR WORK IN DYNAMIC MODELING OF FREE-PISTON STIRLING ENGINES
Recent efforts in modeling free-piston Stirling engines as dynamic systems by Riofrio [2] have suggested that there is a correlation between the locations of the closed loop poles in the right half plane and the operating characteristics of an engine. This interpretation reveals that a free-piston Stirling engine produces power and maintains self-sustained oscillation if the system has unstable 2 closed-loop poles as shown in Fig. . This linearized interpretation is valid about a small operating region of the equilibrium values, whereas the real nonlinear dynamics will limit the amplitude of oscillation as the states depart far enough from the equilibrium.
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FIGURE 2: DIAGRAM SHOWING THE RELATIONSHIP BETWEEN CLOSED LOOP POLES AND ENGINE OPERATION
Altering parameter values such as the operating temperatures or piston damping reveals that there is also a connection between the depth of the poles into the right half plane and the power output of the engine. Indeed, if the temperature gradient is too small, or the damping is too large, the poles enter the left half plane and results in an engine that does not run. Conversely, increasing the temperature moves the poles further into the right half plane and results in an engine that produces more power. It is therefore possible to predict both operating frequency and power production using the closed-loop poles of a linearized dynamic model of a freepiston Stirling Engine.
Although the precise locations and number of poles vary, this correlation between the locations of the unstable poles and engine performance holds true even when higher order models of the engine are used. Moreover, the closed-loop pole locations can be used to as a design tool. Essentially control tools can be utilized to design the feedback gains of the system which, in turn, relate directly to physical parameters serving as design variables. As an illustration of this, the following engine configuration shown in Fig. 3 was found to be unstable with reasonable physical parameters and will be referenced throughout the paper.
In Fig. 3 , the displacer piston and power piston shown are liquid pistons formed by trapping water between elastomeric membranes. The damping and spring elements of the system are compactly contained within the elasticity of the membrane material. Heat is added to the working fluid through the walls surrounding the expansion space and it is rejected from the walls surrounding the compression space. Power is extracted by way of PV work to the right of the power piston. This engine configuration was chosen because it would be easy and inexpensive to manufacture, highly practical, and is novel. These advantages are primarily due to the elastomeric liquid pistons (acting as free pistons) which do not require tight tolerances, have long fatigue life, and have low damping.
There are no recorded attempts using liquid pistons in this configuration known to the authors. This is most likely because free-piston Stirling engines typically have a connecting spring or damper between the pistons which would be difficult to reproduce with liquid pistons. A preliminary dynamic analysis shows that the proper balance of piston size and regenerator characteristics can eliminate the need for this connection. More generally, the system dynamic and control related perspective taken here provides the appropriate insight regarding the operation of such non-traditional configurations and allows new configurations to be attempted with a higher degree of knowledge of their operation and internal interdependencies than before.
HIGHER ORDER DYNAMIC MODEL
Given the goal of maximizing power output, a designer would strive to drive the closed-loop poles as far into the right
The previous work by Riofrio [2] made several simplifying assumptions that are useful in capturing the operating frequency of an engine, but detract from its utility as a design tool and its physical approximation of engine behavior. This work built upon the work of Schmidt [3] , which assumes that the compression and expansion chambers remain at equal pressure throughout engine operation. Making this assumption requires one to disregard significant factors such as flow restrictions in the regenerator. More useful design tools must account for these factors, and therefore a higher fidelity model is needed. In short, the flow restriction and the resulting pressure difference across the regenerator will intimately affect the closed-loop dynamics of the system and require a modeled characterization.
half plane as possible. The designer would also seek a high degree of "instability robustness" with large margins to maintain instability. Analogous to typical stability robustness, these margins allow for a quantifiable degree of unmodeled effects or parametric changes without transitioning from instability to stability. Given the true nonlinear nature of the real system, it is important to design for such instability robustness with a linearized model to result in a self-oscillating engine that produces power. To effectively use control tools to increase this "instability robustness" therefore requires an accurate dynamic model of the engine's behavior. The remainder of the paper will therefore focus on casting an accurate model. Ultimately this model would be linearized for design purposes as described above, but this linearization and the resulting design will not be pursued here.
Conveniently, the free-piston Stirling engine is well suited to dynamic modeling because its operation is determined solely by dynamics as opposed to cams or kinetic linkages seen in traditional Stirling engines, and it is not subject to discontinuities such as combustion pulses seen in IC engines. A simple free-piston Stirling engine such as the one shown in Fig.  2 consists of five different components: the displacer piston, the power piston, the compression space including the cooler pipe, the expansion space including the heating pipe, and the regenerator. The displacer and power pistons are well-suited to system dynamic analysis because together they form fourthorder mass spring damper system as shown in 
: SCHEMATIC OF STIRLING ENGINES PISTONS AS SPRING MASS DAMPER SYSTEM
The expansion and compression spaces that exert pressure on pistons can be well described by performing a power balance on their respective control volumes as shown in prior work [4] . The energy rate in a control volume can be expressed:
where U  describes the rate of change of internal energy inside of the control volume, H  is the net enthalpy flow into the CV, Q  is the heat flow into the control volume, and j is the subscript index used to identify a particular control volume . These four terms can be expanded in the following way:
where P , T , and V are the pressure, temperature, and volume of the control volume. The variables 
Although the piston and control volume behavior is well understood, there is no precedent for lumped parameter dynamic modeling a regenerator. The regenerator is not well suited for lumped parameter modeling due to the pressure and temperature gradient contained within it.
REGENERATORS IN FREE PISTON STIRLING ENGINES
The regenerator, also known as a regenerative heat exchanger, is a thermal reservoir that alternately absorbs and releases heat to the working fluid. It is a sealed chamber that is connected on one side to the expansion chamber and on the other to the compression chamber. It generally contains some kind of matrix material such as steel or glass wool to store thermal energy. Although the expansion and compression chambers can be directly connected, entirely omitting the regenerator, many Stirling engines will not operate without one, and even those engines that can function without one perform more efficiently with a regenerator [5] .
In ideal operation, hot gas enters the regenerator from the compression side at a uniform high temperature T high , deposits its heat to the matrix material, and exits to the expansion space at a uniform T low . The cycle is then reversed where the gas enters at T low from the expansion side, the energy from the matrix is restored to the gas, and leaves into the compression side at a uniform T high . A schematic showing the operation of this idealized regenerator is shown below in Fig. 5 .
This ideal regenerator operation is difficult or impossible to achieve in a real machine because the requisite device would have to satisfy multiple conflicting requirements. The volume inside the regenerator does not contribute to piston displacement and therefore is considered dead volume. An effective regenerator must quickly absorb large amounts of heat from the working fluid and quickly dissipate that heat. Therefore, a regenerator must have high thermal capacity and as much surface area as possible for heat transfer. While a small, dense regenerator is desirable for minimizing dead volume, reducing the size of the regenerator also reduces flow. In moving gas from one chamber to another, the associated pressure drop results in a parasitic fluid friction loss. The ideal regenerator would cause no pressure drop, have zero volume, and transfer heat instantaneously. In order to actually build an engine, it must be accepted that the regenerator will always be less than ideal and must be modeled accordingly [1] .
FIGURE 5: SCHEMATIC OF IDEAL STIRLING ENGINE REGENERATOR AND BOUNDARY CONDITIONS
There is very little available theoretical assistance in modeling these departures from ideal operation [6] . The traditional thermodynamics approach to heating and cooling processes operate under the assumption that boundary conditions are steady state or slowly fluctuating. These models are well established and can precisely predict the temperatures in steady state operating conditions, but in practice the regenerator operates between two control volumes that are fluctuating at the operating frequency of the engine.
A system dynamics approach is therefore necessary to describe the boundary conditions of the regenerator. In this instance, Eq. 6 can be used to succinctly describe the dynamic nature of the pressure in the expansion and compression spaces that surround the regenerator. This kind of state space representation lends itself well to lumped parameter estimation, but there is no established method for describing the significant temperature gradient that exists across the regenerator [5] . This gradient is not necessarily undesirable but regardless, it cannot be avoided because the regenerator must physically connect the heat source and heat sink.
If the end point temperatures of the regenerator matrix during steady state operation were known, it would not be difficult to reproduce its behavior using simple models, but such models would offer little help in designing an engine given that end point temperatures are results of dynamic engine conditions rather than parameters of a given design. Indeed, work by Willmott [7] has shown that the internal states of a heat exchanger can be accurately predicted in rapidly changing conditions if the frequency, temperature, and pressure are known, but this technique is not useful for our purposes if there are mutual dependencies between the regenerator and its environment.
As is true with most aspects of the Stirling engine, the development and range of this temperature gradient depends on the behavior of the rest of the engine. A useful model must therefore have a gradient that is developed and influenced by engine operation.
Dynamic Model of the Regenerator
Although there is some theoretical interdependency between the amount of mass flow through the regenerator and the internal temperatures of the regenerator, it is assumed that the mass flow rate in and out of the regenerator depends only on the upstream and downstream pressure and upstream temperature. According to Eq. (7), the sign convention is such that mass flow rate is declared positive for mass entering any given control volume (CV). This mass flow rate relationship is given as:
where d C is a nondimensional discharge coefficient of the valve, a is the effective area of the orifice, u P and d P are the upstream and downstream pressures, u T is the upstream temperature, u γ is the ratio of specific heats of the upstream substance, and ) where u R is the gas constant of the upstream substance.
The regenerator is modeled as having two distinct components: a control volume space representing the regenerator void space and the matrix material. This representation along with the control volumes that act as boundary conditions is shown below in Fig. 6 . 
where V T , is the temperature of the control volume, and v c is the constant volume specific heat of the gas inside the control volume.
The only power flows to the gas in the regenerator, under the assumption that the control volume is of constant volume and adiabatic, are 1) enthalpy associated with mass flow in or out of the space and 2) heat transfer between the gas and the matrix material. The heat transfer inside of the regenerator has significant convective and conductive components that cannot be easily separated [8] . Their combined effects will be designated as a coefficient "k", as shown in Eq. 12:
where r T and SA A are the temperature and surface area of the matrix material. The matrix itself is modeled as a thermal mass that is driven by the temperature difference between it and the gas inside the void: Combing the enthalpy (Eq. 3) and heat transfer (Eq. 4 and Eq. 12) into Eq. 11 shows a more complete picture of the regenerator energy storage rate, and consequently the gas temperature, inside of the regenerator void ( ) ( ) ( ) ( ) ( )
It may also be important to model the temperature gradient throughout both the gas and matrix material within the regenerator with some degree of spatial resolution, depending on the regenerator's aspect ratio. This can be accomplished by establishing lumped-parameter discrete temperatures within the control volume and matrix material. Gas leaves each chamber at the temperature of the given control volume and enters at the temperature of the upstream volume. Gas inside of the chambers exchanges heat with its adjacent matrix material. The matrix materials in turn exchange heat with each other. These interactions are shown below in Fig. 7 .
FIGURE 7: MULTIPLE SECTION MODEL OF REGENERATOR
The heat transfer between the sections of the matrix occurs through conduction, accounting for the multiple sections of matrix material Eq. 13 becomes: 
Motivation for a Graphite Regenerator
Steel and glass wool are the most common materials used in regenerators, but these are not ideal candidates for characterization because of their unorganized nature; an organized matrix can provide more surface area with less flow restriction. Graphite was chosen as a matrix material because it is available as uniform cylinders which could be arranged to provide a relatively uninhibited flow path. Additionally, given that graphite has a lower coefficient of thermal expansion than steel or other metals, its geometry changes less and hence the flow path changes less throughout the range of possible engine temperatures.
In our experiments, the amount of flow restriction imposed by the regenerator changed by a negligible amount while testing across a range of temperatures.
Graphite has no history as a regenerator matrix, but has found widespread application as a heat exchanger. Companies sell graphite heat exchangers for industrial applications and show excellent heat transfer characteristics. A regenerator is very similar in function to a heat exchanger except the gas from which the heat is taken is also one to which the heat is reabsorbed. Graphite heat exchangers have demonstrated heat transfer coefficients over two orders of magnitude greater than current metallic designs [9] . They are capable of temperatures in excess of 300 C, have high thermal efficiency and are currently in use in some thermal power plants [10] .
Like regenerators, the study of heat exchangers has been largely confined to the study of thermodynamics and has not received very much attention from a system dynamics perspective. Regenerators and heat exchangers share almost identical goals such as low weight and pressure drop and high rates of heat transfer. This would appear to indicate that the because graphite is an excellent medium for heat transfer in a heat exchanger it would also work well as a matrix regenerator provided that the heat capacity is high enough. As shown below in Fig. 8 , graphite has a higher heat capacity than other matrix material candidates such as steel, aluminum, or glass.
FIGURE 8: THERMAL CONDUCTIVITY AND HEAT CAPACITY FOR CANDIDATE REGENERATOR MATERIALS
There are currently no Stirling engines that utilize a graphite matrix regenerator, providing an opportunity to characterize a novel device that could improve current Stirling engines.
EXPERIMENTAL VALIDATION AND CHARACTERIZATION
To characterize a regenerator and validate the model, the experimental setup shown in Figs. 9 and 10 was constructed.
FIGURE 9: PICTURE OF EXPERIMENTAL APPARATUS FIGURE 10: SCHEMATIC OF EXPERIMENTAL APPARATUS
A mass flow controller was connected to a high pressure source to provide air to the arrangement. Two solenoid valves were arranged so that air could be directed either into a heater or directly into the regenenerator. This was necessary so that the air flowing into the regenerator could change temperature without the need for high temperature valves.
Flow restrictions were placed on either side of the regenerator so that the fluctuations in mass flow could be calculated instantaneously given the known geometries and the measured pressure drops and temperatures using Eqs. 7-10. The mass flow controller was used to help find the effective discharge coefficient of the lumped parameter flow restriction. The temperature was measured using a series of small diameter (40 AWG), exposed junction thermocouples capable of a 50ms temperature measurement response time.
Graphite cylinders (0.7 mm diameter) were oriented longitudinally within the regenerator in order to minimize drag and maximize convective heat transfer surface area. The regenerator housing was built of ABS plastic due to its low thermal conductivity. A diagram of this regenerator is shown in Fig. 11 In future applications the regenerator housing would also be built of graphite with an insulting outer coating to aid in heat storage and transfer, but for testing it was desirable that that the heat was stored primarily in a matrix of uniform graphite rods. Utilizing ABS, it was hoped that a negligible amount of heat would be lost through the ABS walls due to their differences in thermal conductivity (24.0 vs. 1.96 W/m-K). This however was not the case and the heat loss to the ABS was measureable and therefore modeled.
FIGURE 11: COMPUTER GENERATED DIAGRAM OF REGENERATOR
It is difficult to artificially reproduce the conditions that a regenerator would see as part of a larger Stirling engine because the rapid fluctuations in bi-directional mass flow that would occur in a running engine are difficult to create and measure. For testing, mass flow was held constant at 10 standard liters per minute and the incoming temperature was manipulated by means of the electronic valves shown in Fig. 10 . During the test shown in Figs. 12 and 13, hot air was directed into the control volume for 400 seconds starting at 50 seconds. Sharp transitions in temperature were difficult to achieve because heat was stored in and transferred from the pipe connecting the source gas to the regenerator.
Known physical and thermal properties of the graphite, air, and ABS plastic were used in the simulation. The combined heat transfer coefficients "k" were found by trial and error through different tests. These values can be seen below in Table 1 . The simulated outlet temperature shown in Fig 12. was genenerated using Eqs. 14 and 15 three times in series to produce a regenerator model of three discrete control volumes and thermal matrix masses. In this manner, the temperature of the gas at the outlet was found as a dynamic response to the temperature at the inlet. Reducing the order of the model produced less accurate models of outlet gas temperature as shown in Fig. 13 . Testing occurred over long periods of time to reduce the effect of unknown initial conditions. Although long amounts of time elapse between changes in incoming and exiting temperature, this is of a similar time scale as the observed regenerator outlet gas temperature behavior. In essence, the regenerator is a low-pass filter to inlet temperature changes. This agrees with the observation that Stirling engines must be warmed up for several minutes to allow for the regenerator to heat up before they can operate.
DISCUSSION
The heat transfer coefficients found experimentally would be difficult to formulate analytically because they combine the effects of conduction and convection which are themselves highly dependent on geometry and flow conditions. Testing a regenerator with this method and modeled as described in this paper would give a designer a clear picture of how the regenerator would behave as part of a Stirling engine. With this knowledge one could intelligently design the pistons and control volumes to maximize engine performance.
The ability to use established values of thermal properties to roughly describe engines behavior would be highly useful in the design of an engine because it would allow for a minimum uncertainty when designing a regenerator. This appears possible because combined heat transfer coefficient "k" of the graphite was found to be 50 W/m-K which is close to its value of thermal conductivity. This is encouraging because it suggests that convective heat transfer rates on the matrix material can be mostly ignored. Since testing occurred at the maximum flow rate expected for this size of a regenerator integrated into a free-piston Stirling engine, the effect of convective heat transfer would be even less significant for lower flow rates.
CONCLUSIONS
The highly coupled nature of a free-piston Stirling engine ensures that every piston configuration will necessitate an individually designed regenerator. Modeling the regenerator as described in this paper in the larger context of a complete Stirling engine will determine the physical dimensions necessary materials for building a regenerator.
